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lowance has been made for the  effect of the corneal  curva-  
ture  on the image size, bu t  the  possible effect of ddfusion 
on the  values has not  ye t  been est imated.  The  dispersion 
of the v a l u e s  t aken  in succession is considerable (range 
• 20%), which m a y  be explained by  the  fact  t ha t  the  
number  of slit  images cover ing the  small  vesicle is low 
(4-5). The  precision of the  mean  flow value  m a y  be in- 
creased by  decreasing the  dis tance be tween successive 
sections or  by  tak ing  a greater  number  of consecut ive 
determinat ions .  

There does no t  seem to be any hindrance  to applying 
the me thod  to o ther  species besides rabbits2. 

der  Pupil le herausfl iessende Kammerwasse r  kurzfr is t ig 
als ungef~Lrbte <~Blase~, deren Volumen  pho togramme-  
t r isch bes t immbar  ist, s ichtbar.  Das Minu tenvo lumen  ist  
durch zwei zeit l ich ge t rennte  Messungen fcststellbar.  
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T H E O R I A  

A Quantum Theory of Brownian Movement 

I t  is bel ieved tha t  Brownian  m o v e m e n t  is a funda-  
men ta l  type  of mot ion  of ma t t e r  a t  a molecular  level. 
A l though  such a mot ion  cannot  be found a t  a sub- 
molecular  level, in which it  if  governed s tr ic t ly  by  the  
mechanica l  laws of mot ion  wi thou t  i rreversibil i ty,  Brown-  
ian part icle-l ike mot ion  m a y  appear  as a result  of space- 
t ime  correlat ion of i r regular  f luc tua t ing  forces. According 
to the theorem of f luctuat ion-diss ipat ion,  there may  occur 
dissipation where there  is f luctuat ion.  Fur thermore ,  i t  
must  be considered t h a t  the  f luctuat ion comes from some 
general ized Brownian  mot ion  of a moving  body in the  
system. The invest igat ion of Brownian  mot ion will be 
i m p o r t a n t  in the  boundary  iield be tween  the  world of 
microscopic moving  bodies and t h a t  of macroscopic  
m o v i n g  particles,  in order  to seek the  essential cause of 
i r revers ibi l i ty  which is a character is t ic  p roper ty  ~n the  
macroscopic  world. Regard ing  the  theory  of t3rownian 
m o v e m e n t  1, i t  is well known tha t  there  are two kinds of 
approach :  one is Eins te in ' s  and the  o ther  is Langevin ' s .  
Here,  we will  deal  wi th  the  problem along the  line of 
Langev in ' s  approach  f rom the s ta t is t ical  mechanica l  
po in t  of view. 

In  the  present  article, the  problem is to obta in  a 
general ized form of Langev in ' s  equa t ion  of motion,  no t  
on the  ord inary  s tochast ic  basis bu t  in the  sys temat ic  
way,  f rom the  q u a n t u m  mechanica l  equat ion  of mot ion  
in the  Heisenberg  picture,  and to express the  re la t ion of 
E ins te in-Nerns t  in a general  sense. 

The  opera tor  of an a rb i t r a ry  observable  A changes 
t empora l ly  according to the  equa t ion  of mot ion  

dA/dt = i ~-I~H, A~ =_ i ~o* A ,  (1) 

whose solut ion is given by  

A(t) = exp( i  t H/~) A(o) e x p ( -  i t H/h) 

-- exp( i  tm*) A(0) ,  (2) 

where H is the  Hami l ton ian  of the  system, t / i s  P lanck ' s  
cons tan t  d iv ided  2 ~, and o)* is defined by  Eq.  (1) as an  
opera tor  of angular  f requency of t rans i t ion  whose classical 
analogue is Liouvi l le ' s  operator .  

By  mak ing  use of a pro jec t ion  opera to r  P, the  opera tor  
o1 A can be spl i t  ident ical ly  in to  ~I ~ P A, pro jec ted  
onto  a subspace of the  opera to r  Hilbert-space,  and 
A ' - ~  (1 --  jo) A,  p ro jec ted  onto  an or thogonal  comple- 
men t  of the  P-subspace  : 

A = P A  + ( 1 - - P )  A = A + A ' .  (3) 

According to ZWANZIG'S t echn ique  2, we obtain  the  
following coupled equat ions  f rom Eq .  (1) : 

d-if~at = i P o , *  (3  + A ' ) ,  (4a) 

dA ' /d t  = i (1 - - P )  o~* ( 2  + A ' ) .  (4b) 

By means  of the  Laplace t rans format ion  of 

oo 

(s) = J e x p  ( - -  s t) A (t) dt, (real par t  of s being A 
o posi t ive) ,  

we can deal  wi th  Eqs.  (4a and b) in an  algebraic manner .  
These are t ransformed into 

s A(s )A --  (0) = i P ~* {7[(s) + A'(s)}, (5a) 

s A'(s) -- A'(O) = i ( 1  - - P )  co*{~(s) + A'(s)}, (5b) 

where 7f(s) and A'(s) are the  Laplace  t ransforms of ~(t)  
and A'(t), respect ively.  A t  first,  f rom Eq .  (5b), we obta in  

A'(s)  = [s - -  i (1 --  P)  ~ , ] - 1 .  A'(0)  

+ Is --  i (t  - -  P)  m*] -1-  i (1 - -  P) o9" A(s) .  (6) 

Inser t ing this into Eq .  (Sa), we ob ta in  wi thou t  approxi-  
mat ion  a unified equa t ion  of 

s ] ( s )  -- -~(0) = iP~o* 2(s)  + iPo~* 

• Is - -  i (1 - -  P)  03*] -1  " i (1 - -  P )  6o O ~ ( s )  -~ i P (L)* 

• I s - -  i ( 1 %  P)  o~*] -1" A'(0) .  (7) 

1 R. EISENSC~IITZ, statistical Theory o/ Irreversible Processes (Ox- 
ford University Press, London 1958). 
R. ZWANZXG, J. chem. Phys. 33, 1338 (1960). 
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I t  m a y  be understood easily by  means of the inverse 
Laplace t rans format ion  t ha t  Eq. (7) is the Laplace 
t ransform of 

t 

i P a~* 2if(t) + ] dt '  i P o~* d-A (t) /d t  
0 

x oxp{i  t '  (1 ~ P )  w}. i (1 - - P )  ~*  - ~ , ( t - - t ' )  

+ i P o a * ,  exp{i t (1 --  P) o)*}. A'(0) .  (8) 

Now the following form is t aken  for the project ion 
operator  : 

P A( t )  = ( T r  0 A+ A ) - a .  { T r  e A+(0) A(t)} A(0) 

= 3(t) A (0), (9) 

where 
~(t )  ==- ( r r  Q A +  A ) - l .  { T r  Q A+(0) A(t)}. (9') 

In  this  case, i t  is noted  tha t  P fulfils the proper ty  of 

P A ( O )  = A(0) = A(0), or ( l - - P )  A(0) = 0. (10) 

Thus  Eqs. (7) and  (8) become 

s A(s)  - - A ( O )  = { i P ~ o *  + i P ~ o *  

• [ s - - i  (1 - - P )  r -1 i (1 - - P )  a)*} 7~/(s), (11) 

and  
t 

d-A(t)/dt  = i P w *  "A(t) +j 'd t '  i P o *  
0 

• exp{i t ' ( 1 - - P )  w * } . i  ( l - - P )  a , * ~ ( t - - t ' ) ,  (12) 

respectively. 
By  mak ing  use of the Laplace t ransform of E(t), i.e., 

oO 

Z(s)  =j dt  e x p ( - -  s t) S(t),  
0 

Eq. (9) leads to 
~(s)  = -~(s) A (0). (13) 

From Eq. (11), we ob ta in  

s ~(s )  - -  1 = { i P a ~ *  - -  r Z(s),  
or (14) 

E(s) = { s - - i P o *  + ~(s)p- .  

Here, we have defined 

r = -- i P o ~ * .  Is -- i ( 1  --  P) c o * ] - l . i ( 1  --  P) o~*. 

(15) 

Because we obtair~ed the Laplace t ransform of the pro- 
jected operator,  Z(s), from Eqs. (13) and (14), we will 
a t t emp t  to recover the Laplace t ransform of the original  
to ta l  operator,  A (s), after the complement  with the par t  
of or thogonal ly  complemen ta ry  operator,  A'(s).  F rom 
Eq. (6) with Eq. (10), we obta in  

A' ( s )  = 3 ( s )  �9 Is - -  i (1 -- P) o)*] -1 i (1 =- P) m* A(0).  

(16) 

Here i t  mus t  be ment ioned  tha t  this equat ion  has been 
derived with the help of a commutab i l i t y  of 

i [(1 -- P) o~*, ~(s)] = 0. (17) 

Hence, by  adding Eq. (13) to Eq. (16), we recover the 
required q u a n t i t y  of 

A (s) = 7I(s) + A'(s) 

= S(s)  . {1  + Is - i (1 - P)  o~*]-~ 

• i (1 -- P) o~*} A(0).  (18) 

By rewrit ing Eq. (18) with Eq. (14), the following 
equat ion can be ob ta ined:  

s A(s )  - -  A(O) = i P m* A(s )  - -  ~(s) A(s )  + ~(s ) ,  (19) 

whose inverse t ransform is 

d A ( t ) / d t  = i P o ) *  A( t )  
t 

- - j a ~ '  ~ ( t - -  j') A (r) + ~ ( t ) ,  (20) 
0 

where 

~(s) = I s - - i  ( 1 - - P )  o)*) -1.  ~(0), (21) 

~(t) = exp{i  t (1 - - P )  ~o*} ~(0), (21') 

g:(O) = i (l - - P )  oJ* A(0) = (1 - - P )  A(0),  (21") 

By mak ing  opera t ion of ( 1 - - P )  to the both  sides of 
Eq.  (21") and  t ak ing  account  of the idempoten t  p roper ty  
of [1 - -  P)~ = (1 - -  P), it  follows tha t  

3(0) = i ~* A(0) = A(0).  (22) 

Recently,  MoRIa derived an equa t ion  quite  similar  to 
Eq. (20) in an  a l te rna t ive  way, which is called a q u a n t u m  
analogue of Langev in  equat ion.  I t  will be ascertained tha t  
the above equa t ion  of Eq.  (20) is also equ iva len t  to that ,  
bu t  the present  der iva t ion  is more sys temat ic  t han  
MORI'S method.  

In  order to execute this project,  by  t ak ing  account  of 

r  ~ , ? l . i ( l _ p )  ~ *  = ~ ( s ) - A ( 0 ) - l ,  

we ob ta in  from Eq.  (15) 

r162 = - -  i P o)* ~(s)  �9 A (0)-~ = 

= - -  ( r ~  e A+  A ) - ~ .  { r , .  O A+(0)  i ~o* ~(~)}  

= (Tr Q A+ A ) - I .  {T~  0 A'+(0) ~ (s ) }  

= ( T r  O A+ A)  -1"  { T r  0 3(0) ~(s)}, 
o r  

~(t) = ( T r  0 A+ A)  -1 " { T r  ~ 3(0) ~}(t)}. 

(23) 

(24) 

I t  has been shown tha t  ~(s) or ~(t) is a sort of fr ict ion 
coefficient which is given by  the  t ime-correlat ion funct ion 
of 3, and  ~(t) is called correctly the  f luc tua t ing  te rm 
with respect to the temporal  change of an  observable A. 
In  other  words, Eq.  (19) or (20) is a q u a n t u m  analogue 
of Langev in  equat ion.  Here we would remark  tha t ,  in 
spite of ~(t) # i o)* A( t )  = A'(t), i t  m a y  be shown to be 
approx imate ly  ~(t) ~ ~/(t), since 
3(t) : exp{i  t (1  --  P) o,*}. (1 -- P) A(0) 

(1 --  P) exp( i  t ~o*) ~i(0) + O ( P A ) .  

Thereby,  we ob ta in  to this approximat ion  the relat ion of 

~(t) ~ .  ( T r  O A +  A ) - l .  { T r  q ~/+(0) A(t)}, (24') 

which agrees with the expression of this q u a n t i t y  in the 
well-known KuBo formalism of the conduc t iv i ty  t heo ryh  

Because Eq. (12) can be wr i t ten  in the form of 
t 

d-A(t)/dt = i P o)* 7[(1) - - . f  dt '  r (t - -  t') A ( t ' ) ,  (25) 
o 

3 H. MORI, Prog. theor. Phys. Kyoto 33, 423 (1965). 
4 R. Ku~o, J. phys. Soc. Japan 72, 570 (1957). 
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wi th  7/(0) = A(O), in compar ison wi th  Eq.  (20), i t  m a y  
be unders tood tha t  a sort  of Langev in  equa t ion  including 
f luc tua t ing  t e r m  appears  af ter  r emoving  the  project ion 
opera tor  in Eq .  (25) to furnish wi th  a kind of causal i ty.  

Final ly,  i t  m a y  be shown t h a t  a generalized relat ionship 
of Eins te in  and Nerns t  ~s established as an Abel  l imit  of 
Eq.  (14) wi th  Eq.  (15). 

I n  the  l imi t  of s --~ + 0 of Eq.  (14), the  following 
equat ion  is obta ined:  

oo 

l im / d t  e x p ( - -  s t) {Tr 0 A+(0) A(t)} 
s--* + 0 

oo 

= j d t  e x p ( - -  t/T){Tr Q A+(0) A(0)}, (26) 
0 

where 
T = { - i P ~ * + ~ , t }  -1 

~st is noth ing  bu t  a f r ic t ion coefficient in a s t a t ionary  
Markoff ian process, and 

oo 

~st = l im f dtexp (-- s t ) { r r 0 3 + (  0 )3(t)} 
s - - ~ +  0 0 

Because of • (Tr oA + A) -1 

- -  i P o~* = ( T r  0 A +  A ) - I .  { T r  0 A'+(0) A(0)}, 
Eq.  (26) becomes a general ized Eins te in-Nerns t  re lat ion 
of 

(Tr ~ A+ A)/z = Tr q 3+(0) A(0) 
o o  

+ l im j d t e x p ( - -  st){Tro3+(O) ~(t)}. (27) 
s - * + 0  0 

For  example,  according to Langevin ' s  formalism, the  
equa t ion  of mot ion  of a Brownian  particle,  whose mass is 
m, the  m o m e n t u m  p, is wr i t ten  as 

dp/dt = -- ~(p/m) + 3(0, 

where the p roper ty  of dissipat ion is due to the  first t e rm 
on the  r igh t -hand  side, and the  second t e rm is a fluc- 
tua t ing  force. Because of the  m o m e n t u m  re laxa t ion  
t ime  zp = m/~, the  E ins te in -Nerns t  re la t ion leads to 

(Tr q p~) /Tp = m k T/z~ 
o o  

= l i m  / d t e x p ( - -  st){Trq3(O) ~(t)}, 
s - + 0  

0 

which is usual ly  wr i t ten  as 

m/rp = r = (1/k r ) J  dt{rr 0 3(0) ~(t)}. 
0 

Here,  i t  is ev iden t  t h a t  the phase-space d is t r ibut ion  
funct ion in equi l ibr ium has been used in place of q u a n t u m  
dens i ty  matr ix ,  and also an in tegra l  referring to  the  e le -  
m e n t a r y  vo lume  of the  phase space was t aken  instead of 
a t race of a matr ix ,  Tr. 

In  this  article, we have  der ived several  equat ions  
h a v i n g  wide ranges o f  va l id i ty  and applicabil i ty,  f rom 
Heisenberg 's  equa t ion  of mot ion  in q u a n t u m  mechanics  
wi th  Zwanzig 's  technique  of projec t ion  opera tor  5. 

Zusammen/assung. Die Gleichung yon Langev in  wurde 
mi t  Hilfe der Zwanzigschen Methode von  Projekt ions-  
opera tor  aus der  quan tenmechan ischen  Bewegungsglei-  
chung yon  Heisenberg  gefiihrt, die al lgemein als Grund-  
gleichung der  Brownschen Bewegung gilt. Zum Deft-  
v ieren der  Gleichung, ist  es notwendig,  eine Defini t ion 
fiir P ro jek t ionsopera tor  P mi t  e inem stat is t ischen 
Operator  ~ aufzunehmen,  das ist :  

P A( t ) - -  (A(O), Q A(O))-X . (A(O), o A(t))  A(O) 

= {Spur Q A+(0) A(0)}-~ �9 {Spur 0 A+(0) A(t)} A(0) 

= s(t)  A(0) ,  

wobei  (A' ,  A " )  ein inneres P roduk t  zwischen zwei Vek- 
toren A" und A "  ist. Die Zeitver/~nderlichkeit  einer 
Observablen A im Heisenberg-Bi ld  gegeben ist :  

A(t) = exp( i  t H/h) A(0) e x p ( - -  i t H/h); mit  h = hi2 z~, 

~(t) = {Spur 0 A+(0) A (0)} -1.  {Spur 0 A+(0) A (t)}, 

A+ zeigt den ad jungie r ten  Opera tor  yon A, und 

(i/h)[(1 --  P) H ,  ~(t)] = 0. 

Hierauf  (1 --  P)  ist  der  o r thogona lkomplementa le  Pro- 
jek t ionsopera tor  zu P.  

N .  T A K E Y A M A  8 

Department o/Applied Chemistry, Faculty o/Engineering, 
Kyushu University, Fukuoka (Japan), May 22, 1966. 

5 The main contents of this article were published i n Japanese in 
Bussei Kenkyu 5, 275 (1966). 

6 The author would like to express his sincere thanks to Professor 
T. SEIYAMA for his encouragement. 

C O R R I G E N D A  

C. PARADISI: Mitochondrial Changes Induced by Diph- 
theria Toxin in Chicken Embryo Heart Cell Cultures, 
Exper i en t i a  22, fasc. 6, p. 373 (1966). On page 373, l ine 15 
reads correc t ly  as follows: 'This  tox in  induces a clear 
swelling in isolated mi tochondr ia ' .  The  au thor  points  out  
t h a t  Dr. Kadis  has never  s ta ted  or implied t h a t  murine 
p laque toxin  causes uncoupl ing of oxida t ive  phosphoryla-  
tion. 

S. GELFAND and A. GANZ: Further Observations o/ the 
Angiotensin Vasopressive E//ect in Rabbits, Exper i en t i a  
22, fasc. 7, p. 478 (1966). The au thor  has noted tha t  the  
dosage of angiotensin should r e a d / * g  instead of mg~ 


